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AN INEQUALITY FOR BI-ORTHOGONAL PAIRS
CHRISTOPHER MEANEY
Abstrat. We use Salem's method [12, 13℄ to prove that there is a lower bound for partial sums
of series of bi-orthogonal vetors in a Hilbert spae, or the dual vetors. This is applied to some
lower bounds on L1 norms for orthogonal expansions. There is also an appliation onerning linear
algebra.
1. Introdution
Suppose that H is a Hilbert spae, n ∈ N, and that J = {1, . . . , n} or J = N. A pair of sets
{vj : j ∈ J} and {wj : j ∈ J} in H are said to be a bi-orthogonal pair when
〈vj , wk〉H = δjk, ∀j, k ∈ J.
Theorem 1 below is the main result of this paper and is based on ideas from Salem [12, 13℄,
where Bessel's inequality is ombined with a result of Menshov [9℄. Following the proof of this
theorem, we will desribe Salem's method of using L2 inequalities to produe L1 estimates on
maximal funtions. Suh estimates are related to stronger results of Olevski[10℄, Kashin and
Szarek [4℄, and Bohkarev [2℄. We onlude with an observation about the statement of Theorem
1 in a linear algebra setting. Some of these results were disussed in [8℄, where it was shown that
Salem's methods emphasised the universality of the Rademaher-Menshov Theorem.
2. The Main Result
Theorem 1. There is a positive onstant c with the following property. For every n ≥ 1, every
Hilbert spae H, and every bi-orthogonal pair {v1, . . . , vn} and {w1, . . . , wn} in H,
(2.1) logn ≤ c max
1≤m≤n
‖wm‖H max1≤k≤n
∥∥∥∥∥
k∑
j=1
vj
∥∥∥∥∥
H
.
Proof. Equip [0, 1] with Lebesgue measure λ and let V = L2 ([0, 1], H) be the spae of H-valued
square integrable funtions on [0, 1], with inner produt
〈F,G〉V =
∫ 1
0
〈F (x), G(x)〉H dx
and norm
‖F‖V =
(∫ 1
0
‖F (x)‖2H dx
)
.
Suppose that {F1, . . . , Fn} is an orthonormal set in L2 ([0, 1]) and dene vetors p1, . . . , pn in V by
pk(x) = Fk(x)wk, 1 ≤ k ≤ n, x ∈ [0, 1].
Then
〈pk(x), pj(x)〉H = Fk(x)Fj(x) 〈wk, wj〉H , 1 ≤ j, k ≤ n,
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and so {p1, . . . , pn} is an orthogonal set in V . For every P ∈ V , Bessel's Inequality says that
(2.2)
n∑
k=1
|〈P, pk〉V |2
‖wk‖2H
≤ ‖P‖2V .
Note that here
〈P, pk〉V =
∫ 1
0
〈P (x), wk〉H Fk(x)dx, 1 ≤ k ≤ n.
Now onsider a dereasing sequene f1 ≥ f2 ≥ · · · ≥ fn ≥ fn+1 = 0 of harateristi funtions
of measurable subsets of [0, 1]. For eah salar-valued G ∈ L2([0, 1]) dene an element of V by
setting
PG(x) = G(x)
n∑
j=1
fj(x)vj .
The Abel transformation shows that
PG(x) = G(x)
n∑
k=1
∆fk(x)σk,
where ∆fk = fk − fk+1 and σk =
∑k
j=1 vj, for 1 ≤ k ≤ n. The funtions ∆f1, . . . ,∆fn are
harateristi funtions of mutually disjoint subsets of [0, 1] and for eah 0 ≤ x ≤ 1 at most one of
the values ∆fk(x) is non-zero. Notie that
‖PG(x)‖2H = |G(x)|2
n∑
k=1
∆fk(x) ‖σk‖2H .
Integrating over [0, 1] gives
‖PG‖2V ≤ ‖G‖22 max
1≤k≤n
‖σk‖2H .
Note that
〈PG(x), pk(x)〉H = G(x)fk(x)Fk(x) 〈vk, wk〉H , 1 ≤ k ≤ n,
and
〈PG, pk〉V =
∫ 1
0
G(x)fk(x)Fk(x)dx 〈vk, wk〉H , 1 ≤ k ≤ n.
Combining this with Bessel's Inequality (2.2), we arrive at the inequality
(2.3)
n∑
k=1
∣∣∣∣
∫
[0,1]
GfkFkdλ
∣∣∣∣
2
1
‖wk‖2H
≤ ‖G‖22 max1≤k≤n ‖σk‖
2
H .
This implies that
(2.4)
(
n∑
k=1
∣∣∣∣
∫
[0,1]
GfkFkdλ
∣∣∣∣
2
)
≤
(
max
1≤j≤n
‖wk‖2H
)
‖G‖22
(
max
1≤k≤n
‖σk‖2H
)
.
We now onentrate on the ase where the funtions F1, . . . , Fn are given by Menshov's result
(Lemma 1 on page 255 of Kashin and Saakyan[3℄.) There is a onstant c0 > 0, independent of n,
so that
(2.5) λ
({
x ∈ [0, 1] : max
1≤j≤n
∣∣∣∣∣
j∑
k=1
Fk(x)
∣∣∣∣∣ > c0 log(n)√n
})
≥ 1
4
.
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Let us use M(x) to denote the maximal funtion
M(x) = max
1≤j≤n
∣∣∣∣∣
j∑
k=1
Fk(x)
∣∣∣∣∣ , 0 ≤ x ≤ 1.
Dene an integer-valued funtion m(x) on [0, 1] by
m(x) = min
{
m :
∣∣∣∣∣
m∑
k=1
Fk(x)
∣∣∣∣∣ =M(x)
}
.
Furthermore, let fk be the harateristi funtion of the subset
{x ∈ [0, 1] : m(x) ≥ k} .
Then
n∑
k=1
fk(x)Fk(x) = Sm(x)(x) =
m(x)∑
k=1
Fk(x), ∀0 ≤ x ≤ 1.
For an arbitrary G ∈ L2 ([0, 1]) we have∫ 1
0
G(x)Sm(x)(x)dx =
n∑
k=1
∫ 1
0
G(x)fk(x)Fk(x)dx.
Using the Cauhy-Shwarz inequality on the right hand side, we have
(2.6)
∣∣∣∣
∫ 1
0
G(x)Sm(x)(x)dx
∣∣∣∣ ≤ √n
(
n∑
k=1
∣∣∣∣
∫ 1
0
GfkFk dλ
∣∣∣∣
2
)1/2
,
for all G ∈ L2([0, 1]). We will use the funtion G whih has |G(x)| = 1 everywhere on [0, 1] and
with
G(x)Sm(x)(x) = M(x), ∀0 ≤ x ≤ 1.
In this ase, the left hand side of (2.6) is
‖M‖1 ≥
c0
4
log(n)
√
n,
beause of (2.5).Combining this with (2.6) we have
c0
4
log(n)
√
n ≤ √n
(
n∑
k=1
∣∣∣∣
∫ 1
0
GfkFk dλ
∣∣∣∣
2
)1/2
.
This an be put bak into (2.4) to obtain (2.1). Notie that ‖G‖2 = 1 on the right hand side of
(2.3). 
3. Appliations
3.1. L1 estimates. In this setion we use H = L2(X, µ), for a positive measure spae (X, µ).
Suppose we are given an orthonormal sequene of funtions (hn)
∞
n=1 in L
2(X, µ), and suppose
that eah of the funtions hn is essentially bounded on X . Let (an)
∞
n=1 be a sequene of non-zero
omplex numbers and set
Mn = max
1≤j≤n
‖hj‖∞ and S∗n(x) = max
1≤k≤n
∣∣∣∣∣
k∑
j=1
ajhj(x)
∣∣∣∣∣ , for x ∈ X, n ≥ 1.
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Lemma 2. For a set of funtions {h1, . . . , hn} ⊂ L2(X, µ) ∩ L∞(X, µ) and maximal funtion
S∗n(x) = max1≤k≤n
∣∣∣∑kj=1 ajhj(x)∣∣∣, we have
|ajhj(x)| ≤ 2S∗n(x), ∀x ∈ X, 1 ≤ j ≤ n,
and ∣∣∣∑kj=1 ajhj(x)∣∣∣
S∗n(x)
≤ 1, ∀1 ≤ k ≤ n and x where S∗n(x) 6= 0.
Proof. The rst inequality follows from the triangle inequality and the fat that
ajhj(x) =
j∑
k=1
akhk(x)−
j−1∑
k=1
akhk(x)
for 2 ≤ j ≤ n. The seond inequality is a onsequene of the denition of S∗n. 
Fix n ≥ 1 and let
vj(x) = ajhj(x) (S∗n(x))−1/2 and wj(x) = a−1j hj(x) (S∗n(x))1/2
for all x ∈ X where S∗n(x) 6= 0 and 1 ≤ j ≤ n. From their denition,
{v1, . . . , vn} and {w1, . . . , wn}
are a bi-orthogonal pair in L2(X, µ). The onditions we have plaed on the funtions hj give:
‖wj‖22 = |aj |−2
∫
X
|hj |2 (S∗n) dµ ≤
M2n
min1≤k≤n |ak|2
‖S∗n‖1
and ∥∥∥∥∥
k∑
j=1
vj
∥∥∥∥∥
2
2
=
∫
X
1
(S∗n)
∣∣∣∣∣
k∑
j=1
ajhj
∣∣∣∣∣
2
dµ ≤
∥∥∥∥∥
k∑
j=1
ajhj
∥∥∥∥∥
1
.
We an put these estimates into (2.1) and nd that
log n ≤ c Mn
min1≤k≤n |ak|‖S
∗
n‖1/21 max
1≤k≤n
∥∥∥∥∥
k∑
j=1
ajhj
∥∥∥∥∥
1/2
1
.
We ould also say that
max
1≤k≤n
∥∥∥∥∥
k∑
j=1
ajhj
∥∥∥∥∥
1
≤ ‖S∗n‖1
and so
log(n) ≤ c Mn
min1≤k≤n |ak| ‖S
∗
n‖1 .
Corollary 3. Suppose that (hn)
∞
n=1 is an orthonormal sequene in L
2 (X, µ) onsisting of essen-
tially bounded funtions. For eah sequene (an)
∞
n=1 of omplex numbers and eah n ≥ 1,(
min
1≤k≤n
|ak| log n
)2
≤ c
(
max
1≤k≤n
‖hk‖∞
)2 ∥∥∥∥∥max1≤k≤n
∣∣∣∣∣
k∑
j=1
ajhj
∣∣∣∣∣
∥∥∥∥∥
1
max
1≤k≤n
∥∥∥∥∥
k∑
j=1
ajhj
∥∥∥∥∥
1
and
min
1≤k≤n
|ak| log n ≤ c
(
max
1≤k≤n
‖hk‖∞
)∥∥∥∥∥max1≤k≤n
∣∣∣∣∣
k∑
j=1
ajhj
∣∣∣∣∣
∥∥∥∥∥
1
.
The onstant c is independent of n, and the sequenes involved here.
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As observed in [4℄, this an also be obtained as a onsequene of [10℄. In addition, see [6℄.
The following is a paraphrase of the last page of [12℄. For the speial ase of Fourier series on
the unit irle, see Proposition 1.6.9 in [11℄.
Corollary 4. Suppose that (hn)
∞
n=1 is an orthonormal sequene in L
2 (X, µ) onsisting of essen-
tially bounded funtions with ‖hn‖∞ ≤ M for all n ≥ 1. For eah dereasing sequene (an)∞n=1 of
positive numbers and eah n ≥ 1,
(an log n)
2 ≤ cM2
∥∥∥∥∥max1≤k≤n
∣∣∣∣∣
k∑
j=1
ajhj
∣∣∣∣∣
∥∥∥∥∥
1
max
1≤k≤n
∥∥∥∥∥
k∑
j=1
ajhj
∥∥∥∥∥
1
and
an log n ≤ cM
∥∥∥∥∥max1≤k≤n
∣∣∣∣∣
k∑
j=1
ajhj
∣∣∣∣∣
∥∥∥∥∥
1
.
In partiular, if (an logn)
∞
n=1 is unbounded then

∥∥∥∥∥max1≤k≤n
∣∣∣∣∣
k∑
j=1
ajhj
∣∣∣∣∣
∥∥∥∥∥
1


∞
n=1
is unbounded.
The onstant c is independent of n, and the sequenes involved here.
3.2. Salem's Approah to the Littlewood Conjeture. We onentrate on the ase where
H = L2 (T) and the orthonormal sequene is a subset of {einx : n ∈ N}. Let
m1 < m2 < m3 < · · ·
be an inreasing sequene of natural numbers and let
hk(x) = e
imkx
for all k ≥ 1 and x ∈ T. In addition, let
Dm(x) =
m∑
k=−m
eikx
be the mth Dirihlet kernel. For all N ≥ m ≥ 1, there is the partial sum
∑
mk≤m
akhk(x) = Dm ∗
( ∑
mk≤N
akhk
)
(x).
It is a fat that Dm is an even funtion whih satises the inequalities:
(3.1) |Dm(x)| ≤
{
2m+ 1 for all x,
1/|x| for 1
2m+1
< x < 2π − 1
2m+1
.
Lemma 5. If p is a trigonometri polynomial of degree N then the maximal funtion of its Fourier
partial sums
S∗p(x) = sup
m≥1
|Dm ∗ p(x)|
satises
‖S∗p‖1 ≤ c log (2N + 1) ‖p‖1
Proof. For suh a trigonometri polynomial p, the partial sums are all partial sums of p ∗DN , and
all the Dirihlet kernels Dm for 1 ≤ m ≤ N are dominated by a funtion whose L1 norm is of the
order of log(2N + 1). 
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We an ombine this with the inequalities in Corollary 3, sine∥∥∥∥∥max1≤k≤n
∣∣∣∣∣
k∑
j=1
ajhj
∣∣∣∣∣
∥∥∥∥∥
1
≤ c log (2mn + 1)
∥∥∥∥∥
m∑
j=1
ajhj
∥∥∥∥∥
1
.
We then arrive at the main result in [13℄.
Corollary 6. For an inreasing sequene (mn)
∞
n=1 of natural numbers and a sequene of non-zero
omplex numbers (an)
∞
n=1 the partial sums of the trigonometri series
∞∑
k=1
ake
imkx
satisfy
min
1≤k≤n
|ak| log n√
log(2mn + 1)
≤ c max
1≤k≤n
∥∥∥∥∥
k∑
j=1
aje
imj (·)
∥∥∥∥∥
1
.
This was Salem's attempt at Littlewood's onjeture, whih was subsequently settled in [5℄ and
[7℄.
3.3. Linearly Independent Sequenes. Notie that if {v1, . . . , vn} is an arbitrary linearly in-
dependent subset of H then there is a unique subset{
wnj : 1 ≤ j ≤ n
} ⊆ span ({v1, . . . , vn})
so that {v1, . . . , vn} and {wn1 , . . . , wnn}are a bi-orthogonal pair. See Theorem 15 in Chapter 3 of
[1℄. We an apply Theorem 1 to the pair in either order.
Corollary 7. For eah n ≥ 2 and linearly independent subset {v1, . . . , vn} in an inner-produt
spae H , with dual basis {wn1 , . . . , wnn},
log n ≤ c max
1≤k≤n
‖wnk‖H max1≤k≤n
∥∥∥∥∥
k∑
j=1
vj
∥∥∥∥∥
H
and
log n ≤ c max
1≤k≤n
‖vk‖H max
1≤k≤n
∥∥∥∥∥
k∑
j=1
wnj
∥∥∥∥∥
H
.
The onstant c > 0 is independent of n, H , and the sets of vetors.
3.4. Matries. Suppose that A is an invertible n× n matrix with omplex entries and olumns
a1, . . . , an ∈ Cn.
Let b1, . . . , bn be the rows of A
−1
. From their denition
n∑
j=1
bijajk = δik
and so the two sets of vetors {
bT1 , . . . , b
T
n
}
and {a1, . . . , an}
are a bi-orthogonal pair in Cn. Theorem 1 then says that
log(n) ≤ c max
1≤k≤n
‖bk‖ max
1≤k≤n
∥∥∥∥∥
k∑
j=1
aj
∥∥∥∥∥ .
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The norm here is the nite dimensional ℓ2 norm.
Note that [4℄ has logarithmi lower bounds for ℓ1-norms of olumn vetors of orthogonal matries.
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